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In view of the recent interest in the trapping of antihydrogen atom H¯ , at very low temperatures, H¯ -H
scattering has been investigated at low incident energies using a close-coupling model with the basis set
H¯ (1s ,2s ,2p¯ )1H(1s ,2s ,2p¯ ). The predicted s-wave elastic phase shifts, scattering length, and effective range
are in a good agreement with the other recent predictions of Jonsell et al. and of Armour and Chamberlain. The
results indicate that the atomic orbital expansion model is suitable to study the H¯ -H scattering at ultracold
temperatures.
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The observations of the first antimatter atom, the antihy-
drogen atom (H¯ ), at CERN @1# and the Fermi laboratory @2#
have renewed interest in the investigation of antimatter sys-
tems. Experimental work on trapping H¯ atoms at very low
temperature is being carried out by different experimentalists
@3#. Very recently, cold antihydrogen atoms have been pro-
duced by the ATHENA group @4#. A few theoretical studies
have been carried out for the H¯ -H interacting system at ther-
mal energies using quantum-mechanical methods. Discus-
sions on the importance and applications, for this system,
especially in connection with the Bose-Einstein condensation
and ultracold collisions, can be found elsewhere @5–9#.
The first fully quantum-mechanical treatment of the H¯ -H
scattering has been carried out by Sinha and Ghosh @5# using
an atomic orbital basis. They included the virtual excitations
of a single atom ~H!, keeping the antiatom (H¯ ) fixed in its
ground state, in their expansion scheme. The low-energy
elastic scattering parameters were found to be insensitive to
the added eigenstates of the projectile ~H! atom. Nearly at
the same time Froelich et al. @6# used a molecular orbital
basis to investigate the problem quantum mechanically. In
their study, the interaction between the H and H¯ atoms was
determined variationally with explicitly correlated basis
functions in the framework of the Born-Oppenheimer ~BO!
approximation. They reported elastic, rearrangement, and an-
nihilation cross sections at thermal energies. Jonsell et al. @7#
also calculated the capture cross section using a fully
quantum-mechanical treatment. Dalgarno et al. @8# con-
cluded that the effect of the capture processes is to enhance
the s-wave elastic cross section appreciably at low energies.
Armour and Chamberlain @9# studied the H¯ -H collisional
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employed a method similar to the one used by Jonsell et al.
@7#. The difference between the two approaches lies in the
choice of the correlated wave functions used. The s-wave
elastic phase shifts of Jonsell et al. agree well with the cor-
responding Born-Oppenheimer predictions of Armour and
Chamberlain. Although the low-energy s-wave elastic phase
shifts of Sinha and Ghosh @5# are in a good accord with the
corresponding Kohn variational prediction of Armour and
Chamberlain @9#, these differ appreciably from the more ac-
curate BO predictions of Jonsell et al., and of Armour and
Chamberlain. The restricted basis set employed by Sinha and
Ghosh does not account for the attractive van der Waals’
interaction and the effect of the rearrangement channel @8#.
Therefore, we study the H¯ -H scattering at thermal ener-
gies using a close-coupling model with an extended basis set.
In the present study, we choose a basis set in such a way that
the two important effects mentioned in the preceding para-
graph are taken into account. In atom-atom scattering, both
the colliding atoms have their internal degrees of freedom.
Sinha and Ghosh @10# have already provided a theory for
atom-atom scattering that can account for the simultaneous
excitation of the colliding atoms of nonzero angular momen-
tum. The van der Waals’ interaction can be included dynami-
cally in the coupled-state formalism by retaining the p states
of the interacting atoms. To include the majority of the van
der Waals’ interaction, we have made use of the hydrogen p
pseudostate (2p¯ ) of Damburg and Karule @11#. The pseu-
dostate is an admixture of the higher excited states and con-
tinuum, and as a consequence a part of the positronium
and the protonium formation to the continuum is auto-
matically accounted for in the calculation. We investigate the
system at low energies using the basis set: H¯ (1s ,2s ,2p¯ )
1H(1s ,2s ,2p¯ ).
II. THEORY
For the sake of completeness, we describe the theory very
briefly. In the atomic orbital method, one expands the total©2003 The American Physical Society09-1
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momentum k.
k ~in a.u.! Kohn @9# AO @5# BO @9# Present
0.001 20.4815(22) 20.4739(22) 20.7917(22) 20.7699(22)
0.005 20.2408(21) 20.2369(21) 20.3959(21) 20.3853(21)
0.010 20.4815(21) 20.4737(21) 20.7923(21) 20.7711(21)
0.050 20.2408(10) 20.2369(10) 20.3990(10) 20.3922(10)
0.100 20.4829(10) 20.4729(10) 20.7996(10) 20.8007(10)
0.150 20.7296(10) 20.7083(10) 20.1189(11) 20.1218(11)
0.200 20.9778(10) 20.9423(10) 20.1559(11) 20.1633(11)wave function of the system in terms of wave functions de-
scribing the bound atomic subsystems as
c~rWe ,rWp ,RW !5(
n ,h
f¯ n~rWp!fh~rWe!Fn ,h~RW !, ~1!
where rWe is the position of the electron (e2) from the proton
(p), rWp is that of the positron (e1) measured from antiproton
(p¯ ), and RW is the interhadronic separation. f¯ n(rWp) and
fh(rWe) are the wave functions describing the bound H¯ and H
atoms, respectively. Fn ,h(RW ) represents the scattered H¯ atom.
The three-dimensional coupled equations for the scattering
amplitudes in momentum space is given by @5#
f n8h8;nh~kW8,kW !
5 f n8h8;nh
B
~kW8,kW !
2
1
2p2 (n9h9
E dkW9 f n8h8;n9h9B ~kW8,kW9! f n9h9;nh~kW9,kW !
kn9h9
2
2k921ie
.
~2!
Here f n8h8;nh(kW8,kW ) is the unknown scattering amplitude for
a process: Hh1H¯ n→Hh81H¯ n8 , where h and n denote the
set of quantum numbers (n ,l ,m) of the H and H¯ atoms,
respectively. The corresponding first-order amplitude is de-
noted by f B. Using the partial wave analysis, one expands
the scattering amplitude as @10#
f n8h8;nh~kW8,kW !
5
1
Akk8 (JM (J1M1 (J18M18
(
LML
(
L8ML8
S L8 lp8 J18M L8 mp8 M 18D
3S J18 l t8 JM 18 mt8 M D Y L8ML8* ~kˆ 8!TJ~t8k8;tk !Y LML~kˆ !
3S L lp J1M L mp M 1D S J1 l t JM 1 mt M D . ~3!05250Here lp and l t are the angular momenta of the bound projec-
tile and the target atoms, respectively, and J is the total an-
gular momentum of the colliding system, which comprises
three angular momenta, lp , l t , and L. t represents the set of
quantum numbers (np ,lp ,nt ,l t ,J1 ,L). The first-order am-
plitude is expanded in a similar fashion, instead of TJ on the
right-hand side of Eq. ~3!, one uses BJ. After performing
some algebra, the three-dimensional equations reduce to one-
dimensional ones:
TJ~t8k8;tk !5BJ~t8k8;tk !2
1
2p2 (t9
E dk9k9
3
BJ~t8k8;t9k9!TJ~t9k9;tk !
kn9h9
2
2k921ie
. ~4!
These equations are solved for the unknown amplitudes TJ
by supplying the values of BJ. The details of the first-order
Born amplitude and the interaction potential are given in our
earlier paper @5#.
III. RESULTS AND DISCUSSION
In the calculation, the one-dimensional coupled equations
are converted into a set of simultaneous algebraic equations,
which are subsequently solved by a standard matrix-
inversion method. Special care has been taken with the con-
vergence of the results.
The present paper reports the low-energy s-wave elastic
scattering parameters ~phase shifts and scattering length! for
H¯ -H scattering as they both are very sensitive to the theoret-
ical model employed. In Table I, we quote the present s-wave
phase shifts at a few selected low energies where the results
of Armour and Chamberlain @9# are available. The results of
Sinha and Ghosh @5# ~denoted as AO in table! are also in-
cluded to indicate the improvement of the present values of
the phase shifts over our earlier results. It is evident that the
real part of the s-wave phase shifts has been modified sig-
nificantly as compared with our earlier predictions. The
present results also differ appreciably from the Kohn varia-
tional predictions @9# that are in a good agreement with our
earlier results. The present model that incorporates the simul-
taneous inelastic processes of the colliding atoms via two
eigenstates and one pseudostate of each atom, improves the9-2
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Energy ~in a.u.! Jonsell @7# Present Energy ~in a.u.! Jonsell @7# Present
1.0310210 20.3466(22) 20.3298(22) 3.031027 20.1904(10) 20.1819(10)
5.0310210 20.7751(22) 20.7379(22) 5.031027 20.2461(10) 20.2356(10)
1.031029 20.1096(21) 20.1044(21) 8.031027 20.3117(10) 20.2991(10)
5.031029 20.2451(21) 20.2335(21) 1.031026 20.3487(10) 20.3351(10)
1.031028 20.3467(21) 20.3302(21) 3.031026 20.6055(10) 20.5886(10)
3.031028 20.6006(21) 20.5722(21) 5.031026 20.7809(10) 20.7662(10)
5.031028 20.7756(21) 20.7390(21) 8.031026 20.9840(10) 20.9772(10)
8.031028 20.9814(21) 20.9354(21) 1.031025 20.1096(11) 20.1097(11)
1.031027 20.1097(10) 20.1046(10) 2.031025 20.1521(11) 20.1564(11)s-wave results significantly. Jonsell et al. @7# have predicted
low-energy phase shifts using the molecular-orbital method.
The present s-wave phase shifts cannot be distinguished
graphically from either of the BO results @7,9#. For better
representation and comparison, we tabulate our s-wave phase
shifts and the corresponding predictions of Jonsell et al. @7#
in Table II, in the energy range 10210<e<231025 a.u. The
maximum energy considered here corresponds to incident
momentum k50.192 a.u. The present s-wave elastic phase
shifts ~Tables I and II! are in a good agreement with the
corresponding Born-Oppenheimer predictions of Jonsell
et al. and of Armour and Chamberlain in the energy range
considered. Jonsell et al. @7# mentioned that the effect on the
elastic cross section of the inclusion of the inelastic scatter-
ing is small except at the dips in the elastic cross section
where the real part of the elastic phase shift goes through
zero in the vicinity 1.031024 a.u. In a very recent calcula-
tion, Armour and Chamberlain @12# noticed a similar feature
in the s-wave scattering. The real part of the elastic phase
shift calculated here is very close to zero at the incident
energy 0.9231024 a.u. ~Table III! and the corresponding
cross section shows a dip. The real part of the scattering
length and the low-energy s-wave phase shifts are very sen-
sitive to the details of the interaction potential in molecular-
orbital models and one cannot be sure of their degree of
accuracy @8#. We have also performed a coupled-static cal-
TABLE III. The s-wave elastic phase shifts d0 and cross section
s0 at few selected energies to show the dip in the elastic cross
section in the vicinity of the incident energy 0.0001 a.u. for H¯ -H
scattering.
e31024 ~in a.u.! d0 ~in rad! s0 (in pa02)
0.86 10.8484(21) 0.1818(0)
0.88 10.5716(21) 0.8075(21)
0.90 10.3001(21) 0.2179(21)
0.91 10.1664(21) 0.6624(22)
0.92 10.3391(22) 0.2722(23)
0.93 20.9732(22) 0.2217(22)
0.94 20.2273(21) 0.1197(21)
1.00 20.9828(21) 0.2097(0)
1.10 20.2158(0) 0.9074(0)05250culation of hydrogen-antihydrogen scattering, retaining the
ground states of the atoms in the direct channel and positro-
nium atom in its ground state and protonium in its 24s state
in the capture channel, to find the effect of the capture pro-
cess on the elastic scattering. The elastic cross section as
estimated in the coupled-static model is found to be slightly
greater than corresponding static cross sections ~not shown!,
although the first Born capture cross section of Sinha and
Ghosh @13# is very high in this energy region. The present
results may be improved by the use of more elaborate basis
set. However, the agreement between the different theoretical
predictions, including the present one, indicates that the elas-
tic results using an extended basis set will not be modified
appreciably.
The real part of the s-wave scattering length a and the
effective range re f f have been estimated by using the effec-
tive range theory:
k cot d052
1
a
1
1
2 re f fk
2
. ~5!
We have used the phase shifts in the energy range 0.001
<k<0.09 a.u. to estimate these parameters. Table IV dis-
plays the present predictions of scattering length and effec-
tive range together with the corresponding predictions of
Jonsell et al. and of Armour and Chamberlain. The results of
Armour and Chamberlain have been estimated by using their
phase shifts with a linear fit ~5!. The values of the scattering
length as obtained from these three models are in a good
agreement amongst themselves, the predictions of Jonsell
et al. being the highest whereas our model gives the lowest
value, and the values of the effective range as predicted by
the three models are also in fair agreement. The present low-
energy elastic cross sections are independent of the incident
energy (e<1026 a.u.) as expected from scattering theory
TABLE IV. The s-wave elastic scattering length a ~in units of
a0) and effective range re f f ~in units of a0) for H¯ -H scattering.
Parameter BO @7# BO @9# Present
a 8.1 7.9 7.7
re f f 7.1 6.2 6.79-3
SINHA, CHAUDHURI, AND GHOSH PHYSICAL REVIEW A 67, 052509 ~2003!~Wigner’s threshold law!. This feature has also been noticed
in the two BO models and this also indicates the validity of
the present model employed.
IV. CONCLUSION
We have investigated H¯ -H scattering at thermal energies
using a close-coupling method. We expand the total wave
function in terms of the atomic orbitals using the basis set
H¯ (1s ,2s ,2p¯ )1H(1s ,2s ,2p¯ ). We predict the real part of the
s-wave phase shifts and the scattering length. Our results are
in a good agreement with those of Jonsell et al. and of Ar-
mour and Chamberlain. Both of them have employed the
molecular-orbital method with elaborate correlated wave
functions. Moreover, the dip in the elastic cross section as
found by Jonsell et al. and Armour and Chamberlain @12# at
around 0.0001 a.u. has been reproduced. The present model,
including the van der Waals’ interaction to a good extent and
the effect of the capture process to the continuum via pseu-
dostates, predicts reliable s-wave parameters.
The present fully quantum-mechanical model is very
simple and completely ab initio in nature. No prior knowl-05250edge of the potential of the system is required. The physics
included in the calculation is clear and this atomic-orbital
expansion method provides reliable estimates for H¯ -H inter-
acting system at thermal energies. In principle, the present
model can also predict inelastic results. We conclude that the
present model may be a suitable alternative for the investi-
gation of atom-atom scattering at low energies.
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